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1 Introduction 

Let T G (0,oo] and Q T = R N x (0,T] (N > 1). If q > 1 and u G C 2 {Q T ) is nonnegative and 
verifies 

d t u-Au + u q = in Q T , (1.1) 

it has been proven by Marcus and Veron [21] that there exists a unique v G QS^ es (R ), the set 
of outer-regular positive Borel measures in R , such that 

limu(.,i) = i/, (1.2) 

in the sense of Borel measures. To each such measure v is associated a unique couple {S v ,^i u ) 
(and we write v {S v ,n u )) where 5 is a closed subset of M. N , the singular part of u, and /v, i/ie 
regular part is a nonnegative Radon measure on 1Z V = WL N \S U . In this setting, relation (|1.2 p 
has the following meaning : 

(i) lim t ^o u(.,t)(dx= / VC G C (7^), 

^ (1.3) 
(it) limt^ / u(.,t)dx = oo, VOc 1^ open, On5^f). 

The measure f is by definition the initial trace of u and denoted by Tr K jv(w). Conversely, in 
the subcritical range of exponents 

1< q < q c = 1 + N/2, 
it is proven by the same authors that, for any v G *B r f 9 (R N ), the Cauchy problem 

[ dtu — Au + u q = in Qoo, 

S (1-4) 
[ rr R iv(n) = ^, 

admits a unique solution. A key step for proving the uniqueness is the following inequalities 

r l/(,- 1 ) /( | a . _ Q | < u ^ t) < ((? _ 1)t) -i/(ff-l) v(x, t) G Qoo, (1.5) 
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for any a £ S u , where / is the unique positive solution of 




(1.6) 



The existence, the uniqueness and the asymptotics of / has been proved by Brezis, Peletier and 
Terman in [5]. The role of the critical exponent q c was pointed out by Brezis and Friedman [6] 
who proved that if q > q c , the supercritical range, any solution of ([1.1 p which vanishes at t = 
for any x G M. N \ {0} must be identically zero. As a consequence, in this range of exponents, 
Problem (jl.4 j) may admit no solution at all. If v £ *B r ^ 9 (M. N ), v k, (S u ,^l u ), the necessary 
and sufficient conditions for the existence of a maximal solution u = u v to Problem (jl.4 p are 
obtained in [21], and expressed in terms of the the Bessel capacity C^/q^', (with q' = q/{q — 1)). 
Furthermore, uniqueness does not hold in general as it was pointed out by Le Gall [17]. In 
the particular case where S u = and v ~ fj, v , then the necessary and sufficient condition 
for solvability is that [i v does not charge Borel subsets with C2/ gi ,j'-capacity zero. This result 
was already proven by Baras and Pierre [1] in the particular case v bounded and extended by 
Marcus and Veron [21] in the general case. We shall denote by M q + (R N ) the positive cone of 
the space 93T 9 (M'' V ) of Radon measures which does not charge Borel subsets with zero C 2 /g )( j'- 
capacity Notice that W~ 2 ^' q (R N ) nVJl b + (R N ) is a subset of W + (R N ); here Wl+(R N ) is the cone 
of positive bounded Radon mesures in R^. For such measures, uniqueness always holds and we 
denote u u = u u . 

The associated stationary equation in a smooth bounded domain f2 of R N 



has been intensively studied since 1993, both by probabilists (Le Gall, Dynkin, Kuznetsov) and 
by analysts (Marcus, Veron). The existence of a trace for positive solutions, in the class of 
outer-regular positive borel measures on d£l is proved by Le Gall [16] . in the case q = N = 2, 
by probabilistic methods, and then by Marcus and Veron in [21] in the general case q > 1, 
N > 1. The existence of a critical exponent q e = (N + 1)/(N — 1) is due to Gmira and Veron. 
In [8] Dynkin and Kuznetsov introduced the notion of er-moderate solution which means that u 
is a positive solution of ([1.7 P such that there exists an increasing sequence of positive Radon 
measures on dQ {/J, n } belonging to W~ 2 / q ' q (d£l) such that the corresponding solutions v = v^ n 



converges to u locally uniformly in £1. This class of solutions plays a fundamental role because 
Dynkin and Kuznetsov proved that a <r-moderate solution of ()1.7 p is uniquely determined by 
its fine trace, a new notion of trace introduced in order to avoid the non-uniqueness phenomena. 
Later on, it is proved by Mselati [27] (if q = 2 and then by Dynkin [TJj (if q e < q < 2)), that all the 
positive solutions of ([1.7 P are u-moderate. The key-stone element in their proof is the fact that 
the maximal solution uk of (jl.7 p the boundary trace of which vanishes outside a compact subset 
K C dO, is indeed cr-moderate. This deep result was obtained by a combination of probabilistic 



Au + u q = in Q, 



(1.7) 



of 



Av + v q = in ft 
v = \x n in 8Q 



(1.8) 
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and analytic methods by Mselati in the case q = 2 and by purely analytic methods by Marcus 
and Veron |22j . 

Following Dynkin we can define 

Definition 1.1 A positive solution u of U.l \) is called a-moderate if their exists an increasing 
sequence, say {n n } C W~ 2 ^ q ' q (K N ) nTl b + (R N ), such that the corresponding solution u := u^ n of 



dtu — An + u q = in 

(1.9) 

u(x, 0) = [i n in R , 



converges to u locally uniformly in Qoo- 



If F is a closed subset of R , we denote by up the maximal solution of ([1.1 p with an initial 
trace vanishing on F c , and by u F the maximal cr-moderate solution of ([1.1 h with an initial trace 
vanishing on F c . Thus u F is defined by 

u F = sup{n M : fi G Wl q + {R N ) , u{F c ) = 0}, (1.10) 

where SUt^R^) := W~ 2 / q > q (R N ) n fS^.(R N ). One of the main goal of this article is to prove 
that up is a- moderate and more precisely, 

Theorem 1.2 For any q > 1 and any closed subset F ofK N , up = u F . 

We define below a set function which will play an important role in the sequel. 



Definition 1.3 Let F be a closed subset of R . The C 2 /q tq i-capacitary potential Wf of F is 
defined by 

iy F (x,t) = r 1 /^ 1 )f;(n + i) JV / 2 - 1 /(^i) e -/^ ( F " ) vo^egco, (1.11) 

n=0 VV( n + 1 )V 

where F n = F n (x,t) := {y £ F : Vnl < \x - y\ < ^{n + l)t}. 

One of the tool for proving Theorem 11.21 is the following bilateral estimate 

Theorem 1.4 For any q > q c there exist two positive constants C\ > C2 > 0, depending only 
on N and q such that for any closed subset F of~R N , there holds 

C 2 W F {x,t) < u F (x,t) < u F (x,t) < dW F (x,t) y(x,t)eQ oa . (1.12) 

This representation oiu F , up to uniformly upper and lower bounded functions, is also interesting 
in the sense that it indicates precisely what are the blow-up point of Up. Introducing an integral 
expression comparable to Wp we show, in particular, the following results 

lim C 2/m i (^(IB^x)] = 7G [0,oo) =► limt-V^-Vupix^) = C>y (1.13) 
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limsup up(x, t) < oo. (1-14) 

Our paper is organized as follows. In Section 2 we obtain estimates from above on up. In 
Section 3 we give estimates from below on Up. In Section 4 we prove the main theorems and 
expose various consequences. In Appendix we derive a series of sharp integral inequalities. 

Aknowledgements The authors are grateful to the European RTN Contract N° HPRN-CT- 
2002-00274 for the support provided in the realization of this work. 

2 Estimates from above 

Some notations : Let f2 be a domain in M. N with a compact C 2 boundary and T > 0. Set B r (a) 
the open ball of radius r > and center a (and B r (0) := B r ) and 

Q?:=nx(0,T), d t Q% = dn* (0,T), Q T :=Qf, Qoo ■= ■ 

Let H [.] (resp. H[.]) denote the heat potential in $7 with zero lateral boundary data (resp. the 
heat potential in W N ) with corresponding kernel 

(x, y, t) ^ H n (x, y, t) (resp.(x, y, t) ^ H(x, y, t) = (Ant)- N / 2 exp(- \x - y\ 2 /At)). 

We denote by q c := 1 + 2/iV, the parabolic critical exponent. 

Theorem 2.1 Let q > (7 C . T/ien there exists a positive constant C\ = Ci(N,q) such that for 
any closed subset F of~R N and any u G C 2 (Qoo) n C(Q (XJ \ F) satisfying 

dtu — An + u q = in 

(2.1) 

limj^o u(x,t) = locally uniformly in F c , 
there holds 

u(x,t) < dW F (x,t) V(x,t)EQoo, (2.2) 
where Wp is the (2/q,q')-capacitary potential of F defined by hi. 11 \) . 

First we shall consider the case where F = K is compact and 

K C B r C B r , (2.3) 

and then we shall extend to the general case by a covering argument. 



for some C = C(N, q) > 0, and 

limsup T 2 ^ q -VC 2/q:g , n < oo 
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2.1 Global L 9 -estimates 

Let p > 0, we assume (|2.3 p holds and we put 

% tP (K) = {r]£ C%°(B r+p ),0 <r ? <l,r ? = lina neighborhood of K}. (2.4) 

If r) € T r> p(K), we set rj* = 1 - 77, C = H^*] 2 "' and 

i?(r?) = |VM[r/]| 2 + I^Hfry] + AH[r/]| . (2.5) 

We fix T > and shall consider the equation on Qt- Throughout this paper C will denote a 
generic positive constant, depending only on N, q and sometimes T, the value of which may 
vary from one ocurrence to another. Except in Lemma 12.121 the only assumption on q is q > 1. 



Lemma 2.2 There exists C = C(N, q, T) > such that 

(R(r,)y'dxdt<C\\ V \\ q w , M . 



(2.6) 



Proof. There holds d t M[r]] = AH [77], and 

ff \d t u[ri]\ q ' dx dt = f T t l - l ^d t m[7]] 

J J q.t Jo 



dt 



< 



(2.7) 



where W 2,g ' ,L q ' indicates the real interpolation functor of degree 1/q between W 2 ' q ' (M N ) 

- 1 1/9,9' 

and Li'(R N ) [30]. Similarly, and using the Gagliardo-Nirenberg inequality, 



\Vmv])\*dxdt<C\\r,\\* ,\H\U =C\\v\\i 



Inequality (pOTj) follows from (gT) and (|2X|> . 
Lemma 2.3 There exists C = C(N,q,T) > stjc/j £/iaf 



^C^ + / (u()(x,T)dx < C 2 \\r]\\ q w2M . 



(2.8) 
□ 

(2.9) 



Proof. We recall that there always hold 



< u(x,t) < 



t(q-l] 



1/(9-1) 



V(x,t) € Q c 



(2.10) 



and (see [5] e.g.) 



< < 



C 



t + (|x| - r) 2 



1/(9-1) 



V(x,t) G Qoo \ B r . 



(2.11) 
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Since r/* vanishes in an open neighborhood A/i, for any open subset A/2 such that K C A2 C 
M2 C M\ there exist c M > and C M > such that 



e[rf](M) < exp(- CjV . i), V(z,i) G Qf. 



Therefore 



\\m! «)( 



x, = 0, 



and C is an admissible test function, and one has 

ff u q Qdxdt+ I (u()(x,T)dx = f f u{d t Q + AQdxdt. ( 

Notice that the three terms on the left-hand side are nonnegative. Put HL,* = H^*], then 

d t C + AC = 2q'U 2q '- 1 (d t U v » + AM,,*) + 2q'(2q' - l)ElJ'- 2 | VM^ | 2 , 
= 2q'U 2 v i'- 1 (d t M v + AM V ) + 2q'(2q' - l)M 2q '~ 2 \ VHl/, 



2.12) 



because M v * = 1 



hence 



u(d t C + AC) = vM 2q ! /q 



2q'(2q' - l)M^~ 2 ~ 2q> /q \ VHLJ 2 - 2g , IHI 2 /~ 1 ~ 29 ' /9 (AHL, + ^ELJ 



Since 2q' - 2 - 2q'/q = and < EL. < 1, 



y y u(d t c+A()dxdt < c( q ) (y j 



\ I/? 

u q Cdxdt 
Qt J 



Qt 



R q (rj)dx dt 



l/q' 



where 

R(i]) = |VHLJ 2 + \AU V + d t M v \ . 
Using Lemma 12.21 one obtains (|2.9 [) . 

Proposition 2.4 Let r > 0, p > 0, T > (r + p) 2 

£ r+p := {(x,t) : \x\ 2 +t< (r + p) 2 } 
and Q r+Pt T = Qt \ £r+p- There exists C = C(N,q,T) > such that 

II u q dxdt+ I u(x,T)dx<CC^ +p ,(K). 
J J Q r+P ,T J» N /q ' q 

Proof. Because K C B r and rf = 1 outside B r+p and takes value between and 1, 

, l xJV/2 , 

>M[1- Xflr+ l(s,t) = — / exp(-\x-y\ 2 /4t)dy, 

r+P \AlTtJ J\v\>r+p 



\y\>r+p 
N/2 



( 1 y v// r 

1-1-7— ) / exp 

\A-KtJ J\y\< r +p 



□ 



(2.13) 



(-\x-y\ 2 /4t)dy. 



For (x, t) G £ r +p, put x = (r + p)£, y = (r + p)v and i = (r + p) 2 T. Then (£, r) G £1 and 
✓ x x N/2 f / 1 \ N/2 f 

— / exp(-|x-y| 2 /4t)ciy= — / exp(-|£ - ^1 2 /4r)(fc. 
We claim that 

1 \ 



max 



47TT 

and £ = £(N) G (0, 1]. We recall that 

1 \ N/2 



vAT/2 . 1 

/ exp(-|e-^| 2 /4r)^: (£,r) G f i } (2.14) 



1 V ' /" 

- — / exp(-|f - v\ 2 /Ar)dv < 1 Vr > 0. (2.15) 
47rr/ 7|„|<! 

If the maximum is achieved for some (£,t) G £l, it is smaller that 1 and 

e[T7*](x,*)>H[l-x flp+/ ,](a!,t)>l-^>0 ) V(M) e-fr+p- (2.16) 

Let us assume that the maximum is achieved following a sequence {(Cn,T n )} with T n — > and 
|£ n | I 1. We can assume that £ n — > £ with |£| = 1, then 

i \ N / 2 r / i \ /• 



4vTT n / ./|„|<1 V47TTn/ ./Bi(£ n ) 



But Bi(e„)nBi(-e n ) 



e 



and 

e -|-| 2 /4r n(il;= / e-l-l 2 ^^. 



/ 

is 



This implies 

W/2 



(i \ iv/z „ 
] / e- |w|2/4r "dt; < 1/2. 
4vrr n y 7Bi(e„) 



If the maximum were achieved with a sequence {(£n,Tn)} with |r n | — > oo, it would also imply 
(|2.16 p . since the integral term in (|2.15 p is always bounded. Therefore (|2.15 p holds. Put 
C = (l-£)-\ then 

If we replace r] by rj n , a sequence of functions which satisfies 

C 2/q,q'( K ) = \\ 7 ln\\ q w2/q , q/(RN) , 

we obtain (l2TT3~p . □ 
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2.2 Pointwise estimates 

We give first a rough pointwise estimate. 

Lemma 2.5 There exists a constant C = C(N,q) > such that 



u(x,(r + 2pf)< 2/ ™:\' V,E#. (2-18) 
(p(r + p)) 1 "' 2 



Proof. Step 1 We claim that 



[ [ u q dxdt+ [ u(x,T)dx= [ u(x,s)dx VP > s > 0. (2.19) 

Js Jr n JR n JR n 

By the maximum principle u is dominated by the solution v with initial trace the indicatrix 
function Is r - The function v is the limit, as k — > do, of the solutions with initial data kx Br - 
Since Vk < feH[x B ] 3 it follows Hence 

/ u(.,s)dx < CC%+>{K) VP> s > (r + p) 2 , (2.20) 

by Lemma 12.31 Using the fact that 

/ 1 \ N/2 f 

u(x,t + s) < H[«(., s)](x,t) < - — / u(.,s)dx, 

V 47rr / iR^ 

we obtain (|2.18 P with s = (r + p) 2 and r = (r + 2p) 2 — (r + p) 2 « p(r + p). □ 

The above estimate does not take into account the fact that u(x,0) = if |x| > r. It is 
mainly interesting if \x\ < r. In order to derive a sharper estimate which uses the localization 
of the singularity and not only its C^/^q/ -capacity, we need some lateral boundary estimates. 

Lemma 2.6 Let 7 > r + 2p and c > and either N = 1 or 2 and < t < C7 2 for some c > 0, 
or iV > 3 and t > 0. P/ien i/iere /10/ds 

/ / udSdr < C^C^iK). (2.21) 

where C > depends on N , q and c if N = 1, 2 or depends only on N and q if N > 3. 

Proo/. Let us assume that 2V = 1 or 2. Put G 7 := P 7 x (— 00, 0) and d^G 1 = d(,B^ x (— 00, 0). 
Set 



/i 7 (x) = 1 



J_ 

\x\ 



and let ^7 be the solution of 



<9 r V> 7 + A^ 7 = in G 7 , 

V> 7 = on <^G 7 , (2.22) 
V> 7 (.,0) = /i 7 in P^. 



S 



Thus the function 

iP(x,t) = ip^(jx, 7 2 t) 

satisfies 

d t ip + Aip = in G 1 

tp = on diG 1 (2.23) 
i>(.,0) = h inBf, 
and h{x) = 1 — By the maximum principle < ip < 1, and by Hopf Lemma 



dip 
dn 

where 6 = 6(N,c). Then < ip 7 < 1 and 

dlpy 



9 B t xl-c,0}>0>0, (2.24) 



9B=x[- 7 2,0] > &H- ( 2 -25) 



dn 

Multiplying (jf.f p by tp 7 (x,r — t) = ip*(x,r) and integrating on x (0, t) yields to 



7 7 



, u q ip*dxdT+ / (uh 7 )(x,t)dx - / —ip*dSdT = - / —^udadr. (2.26) 



Since ^* is bounded from above by 1, (|2.21 P follows from (|2.25 p and Proposition 12.41 (notice 
that B° x (0, t) C first by taking t = T = j 2 > (r + 2p) 2 , and then for any t < j 2 . 

If iV > 3, we proceed as above except that we take 

\ N-2 

h~f(x) = 1 ' 

Then ip~(x,t) = h^(x) and 9 = N — 2 is independent of the length of the time interval. This 
leads to the conclusion. □ 

Lemma 2.7 /- Let M, a > and rj G L°°(R N ) such that 

< n(x) < Me"* 12 , a.e. in R N . (2.27) 

Then, for any t > 0, 

< W[rj\(x,t) < __^__ e -«l-l 2 /(4at + i) ; Vx e R iv (2>28) 

77- 7ei M, a, b > and n £ L°°(R N ) such that 



< r?(x) < Me a(N b) +, a.e. in R N . (2.29) 



Then, for any t > 0, 



Me" 



o([a;|-6)5_/(4ot+l) 



1 H|;/l< r./) < ^ — - ,Vx G R", Vt > 0. (2.30) 
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Proof. For the first statement, put a = l/4s. Then 

< ri{x) < M{^s) N > 2 tA L— e-l^l 2 /^ = C(4tts) n / 2 U[8 }(x, s). 
By the order property of the heat kernel, 

< M[ri](x,t) < M(ATTs) N/2 M[5 ]{x,t + s) = M (j^J e" |:c|2/(4( * +s)) , 
and (|2.28 p follows by replacing s by l/4a. 

For the second statement, let a < a and R = max{e a ^ r h " l + +ar • r > o}. A direct computation 
gives R = e a ~ ab2 /( a -~ a \ and §ZM} implies 

< n(x) < Me a ' ab2/{a -' a) e-' a \ x \ 2 . 
Applying the statement I, we obtain 

p aab 2 1 '(a— a) „ 

< W[rj\(x,t) < {m + 1)N/2 e-~ alxl l(AM+1 \ yxeR N , Vi > 0. (2.31) 
Since for any x £ R N and t > 0, 

(46* + l)-^/ 2 e -a|^| 2 /(4at+l) < e -aa6 2 /(«~")(4 a t + l)-A r /2 e -a(|x|-6) 2 /(4at+l) ^ 

(|230~j) follows from (|23T|) . □ 
Lemma 2.8 There exists a constant C = C(N,q) > such that 

u (x , (r + 2p)*) <c. m »{ (M _ r r + ^ +1 ,MzL^} ^W/W,*J W 

(2.32) 

r+3p- 

Proof. We recall that the Dirichlet heat kernel H B i in the complement of B\ satisfies, for some 
C = C{N) > 0, 

H B i(x',y',t',s') < C 7 (t' -s')- {N+2)/2 (\x'\ -l)exp(-|x'-y / | 2 /4(t , - S / )), (2.33) 

for t 1 > s' . By performing the change of variable x' \— > (r + 2p)x' , tf i— > (r + 2p) 2 t' , for any 
x 6 \ B r+ 2 P and < i < T, one obtains 

n(x, t) < C(|x| -r-2p) / — ^^-ufo, S )da(y)d S . (2.34) 

The right-hand side term in (|2.34 p is smaller than 

(t - s) 1+A v 2 J 7 JdB r+2p 



for any x 6 \ B 
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We fix t = (r + 2p) and \x\ > r + 3/9. Since 

f e -(|x|-r-2p) 2 /4s 

max — ^rm — :sG (°>( r + 2 pY 



a direct computation gives 



2 



max < - ; : < a < 



a l + N / 2 ' \\x\ -r-2 P/ 

{ (2N + 4)i+iV/2 e -(JV+2)/2 if r + 3p < |z| < (r + 2p)(l + V4 + 2iV), 

/ \x\ r ip \ e _ (Qxl _ r _ 2p)/(2r+4p)) 2 . f + + v ^ T 2]v ) _ 

\ r + 2p J 



Thus there exists a constant C(N) > such that 



e 



-(|a:|-r-2p) 2 /4s 



max 



: s G (o, ( r + 2p) 2 ) }> < C(iV )p- 2 -^ e -(N-(^)) 2 /4(r+2p)^ (235) 



Combining this estimate with (|2.21 p with 7 = r + 2p and (|2.34 p . one derives (|2.32 p . □ 
Lemma 2.9 There exists a constant C = C(N,q) > such that 

< u(x,(r+2p) 2 ) < Cmaxj „ , (r + />) * 1 >7 ^=-1 ( N - r -3p)V4(r+2p)^ ; +, ( } 

(2.36) 

/or ewery x G \ B r+ 3 p . 

Proof. This is a direct consequence of the inequality 

(|X| - r - 2/9 ) e -(M-(-+ 2 P)) 2 /4(r+2p) 2 < C '^ + ^ 2 e-(l^|-(^+3p)) 2 /4(r+2p) 2 ; Vx £ fl c^ (337) 



and Lemma 12.81 □ 
Lemma 2.10 There exists a constant C = C(N,q) > such that the following estimate holds 

nyr -(|x|-r-3p)2 /4t 

t) < ^ C^,(K), Vx G R", Vt > (r + 2p) 2 , (2.38) 

where 

{l + r/p) N / 2 if \x\ <r + 3p 

M = M(x,r,p) = < (r + p) N+3 / p(\x\ -r- 2p) N+2 if r + 3p < \x\ < C N (r + 2p) (2.39) 
1 + r/p if \x\ > C N (r + 2p) 

with C N = 1 + \/4 + 2iV. 
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Proof. It follows by the maximum principle 

u{x,t) < W[u(.,(r + 2p) 2 )](x,t- {r + 2p) 2 ). 
for t > (r + 2p) 2 and x G K^. By Lemma 12.51 and Lemma 12.91 

(r + 2p) 2 ) < CioMe-^l-^^'/^+^C^CJO, 

where 

((r + p)p)~ N/2 if |x|<r + 3p 

M=< (r + p) 3 /yO (|x| -r-2p)) N+2 if r + 3p < \x\ < C N (r + 2p) 

l/(r + if \x\ > C N (r + 2p) 

Applying Lemma [27H with a = (2r + 4p)~ 2 , 6 = r + 3p and t replaced by t — (r + 2p) 2 implies 



u(x,t) < C- 



-(\x\-r~3p) 2 /4£qBt+p^ 



t N/2 ' ^2/q,q 

for all x G ££ +3p and t > (r + 2p) 2 , which is (12T3g~j) . 

The next estimate gives a precise upper bound for u when t is not bounded from below 



(2.40) 
□ 



Lemma 2.11 Assume that < t < (r + 2p) 2 for some c > 0, then there exists a constant 
C = C(N,q) > such that the following estimate holds 



u(x, t) <C(r + p) max 



(|x| -r- 2p) N + l ' pt N / 2 
for any (x, t)eR N \ B r+3p x (0, (r + 2p) 2 ]. 



-(\x\-r-3p) 2 /AtgBj+p^^ 



(2.41) 



Proof. By using (|2.21 p the following estimate is a straightforward variant of (|2.32 p for any 

7 > r + 2p, 

( -(\x\-r-2p) 2 /4s ) 

u(x,t) < C 8 {\x\ - r - 2p)(r + 2p) max ^ „i+n/2 

-:Q<s<t\C^;{K). (2.42) 



Clearly 



| e -(|a;|-r-2p) 2 /4s 

max < — — 7-7- : < s < t 



s l+N/2 ■ 

' (2iV + 4) 1+7V / 2 (|x| - r -2p)- N ~ 2 e- { - N+2 V 2 if < \x\ < r + 2p + ^j2t{N + 2) 

(| x |_ r _ 2p )2/4t 



t l+JV/2 



if |x| > r + 2p + x /2t(JV + 2). 
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By elementary analysis, if x G B£ +3p , 

_ r _ 2/0 ) e -(l-l — 2 P)V4t < g-dxI-r-Sp) 2 /^ 



pe -p 2 /4i jf 2t < p 2 



2t e _ 1+p2/4t iip2 < 2 t<2(r + 2p) 2 . 



However, since 



P-p 2 /u < 1 
j. — ' 



we derive 

(U| _ r _ 2 / o)e _(|a:| - r - 2p)2/4 * < — e -(\'4-r-s P ) 2 /4t^ 

P 

from which inequality (|2.41 p follows. □ 

Lemma 2.12 Assume q > q c . Then there exists a constant C depending on N and q such that 
for any r > and p > 0, and any Borel set E C B r , there holds 

/ r \ 2/(9-1) 

C^OE) < Cr N ~ 2 '^ \l + - J C 2M {E/r), (2.43) 

where C 2M (E) := Cf^E). 

Proof. By the scaling property of Bessel capacities (see [I]), since g > g c , 

CvZ5(^0 = r N - 2 ^cf;;f(E/r), 

for any Borel set E C S r . It is sufficient to prove (|2.43 |) when E' = E/r C B\ is a compact set, 
thus 

C&J'W = inf {lICII^ : C e C7 2 (B 1+r/p ),0 < C < 1, C = 1 on £'} . 



Let G C (K ) be a radial cut-off function such that < p < 1, p = 1 on Si, p = on 
\ B 1+p/r , \V(f)\ < Crp- x x Bl+plr \ Bl and \D 2 (f)\ < Cr 2 p- 2 x Bi+p/ABi , where C is independent 
of r and p. Let ( G C^l"). Then 

V(C0) = W + ^VC , £> 2 (C0) = CD 2 + ^ 2 C + 2V0s( vc. 



Thus ||C^lli,'( Bl+p/r ) < IICII L «'(R")> 



\v{m ql dx<c(i + -\ 9 \\a q whql 



and 

2\ l' 



|D 2 (C^)| 9 '^<C^1 + ^ 
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Finally 



.,.2 



Denote by T the linear mapping C, i— > C,4>. Because 

yy2/q,q' = \w 2 ' q ' ,L q ' 

(here we use the Lions- Petree real interpolation notations and results from [H]), it follows 
\\n c(w 2M (RN):W 2M (Bi+p/r)) < C(q) (l + y 2 

Therefore 



d / ^\ V(9-l) 



Thus we get dZjBJ) . □ 
Remark. In the subcritical case 1 < q < q c , estimate (12.43 p becomes 

C%%m < Cmaxjr^} (l + p-y^-V) . (2.44) 

By using Lemma 12.111 it is easy to derive from this estimate that for any positive solution u of 
(|2.1 p . the initial trace of which vanishes outside 0, there holds 

{/i I \ 2/( g -l)-7V 'I 
1,(^=1 e — l^l 2 /4t I V (o;,t)eg oo . (2.45) 

This upper estimate corresponds to the one obtained in [5] . If F = B r , the upper we estimate 
is less esthetic. However, it is proved in [21 J by a barrier method that, if the initial trace of 
positive solution u of (|2.1 p . vanishes outside F, and if 1 < q < 3, there holds 

u(x, t) < r 1 '^ h{{\x\ - r)/Vt) V(x, t) £ Qoo, \x\ > r, (2.46) 

where = fi is the positive solution belonging to C 2 ([0, oo)) of 

/" + -/' + / - f q = in (0, oo) 

2 J q-V J V ; (2.47) 

/'(0) = 0, hm^ oo |y| 2/(9 - 1) /(y)=0. 

Notice that the existence of f\ follows from [5] since q is the critical exponent in 1 dim. Fur- 
thermore /i has the following asymptotic expansion 



h(y) = Cy^l^e-y 2 l u (l + o{l))) 



as y —* oo. 
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2.3 The upper Wiener test 



Definition 2.13 We define on R^ x R the two parabolic distances 82 and 5^ by 



h[(x,t),(y,s)} := \J\x- y\ 2 + \t - s|, 



and 



5oa[(x,t),(y,s)] := max{|x - y\, yj\t - s\}. 



(2.48) 
(2.49) 



If K C M JV and % = 2, oo, 

*[(s,t),tf] =inf{<fi[(M),(2/,0)] 



max |dist (x, if), \Z|i[| if 



,/dist 2 (x,K) + |i| 



1 = 00, 
if i = 2. 



For /3 > and i = 2, 00, we denote by 6i(ro) the parabolic ball of center m = (x,t) and radius 
/9 in the parabolic distance <5j. 

Let if be any compact subset of 1^ and uk the maximal solution of ([1.1 p which blows up 
on K. The function % is obtained as the decreasing limit of the ux t (e > 0) when e — > 0, where 

^ = {^1*: dist (x, K) < e} 

and «ft- £ = lim/^oo UkK e = ^iC) where u k is the solution of the classical problem, 

d t u k - Au k + u q k = in Qt, 

u k = on <%Q T , (2.50) 

Uk(-,0)=*x K , inR^. 

If (x,i) = m G R^ x (0,T], we set d^- = dist(x,if), -D^- = max{|x — j/| : y G if} and 



A = y + 1 = fofm, if]. We define a slicing of if, by setting d n = d n (K, t) := \fnt (n G N), 

r n = B dri+1 (x)\ J B d „(x), VnGN, 

thus To = B^q(x), and 

if n (x) = ^ n T n (x) for n G N and Q n (x) = if n # dn+1 (x). 

When there is no ambiguity, we shall skip the x variable in the above sets. The main result of 
this section is the following discrete upper Wiener-type estimate. 

Theorem 2.14 Assume q > q c . Then there exists C = C(N,q,T) > such that 

uk{x, t) < ^E < C? /(9 ~ 1)e_B/4 ^ (^) *) G ^ ^ 2 ' 51 ) 

where at is the largest integer j such that Kj ^ 0. 
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With no loss of generality, we can first assume that x = 0. Furthermore, in considering the 
scaling transfoprmation ug(y,t) = ^/fa- 1 ) u{yiy , it) , with t > 0, we can assume t = 1. Thus the 
new compact singular set of the initial trace becomes K/y/l, that we shall still denote K. We 
shall also set a K = a Kt i Since for each n £ N, 

11 

- ; < «n+l — d n < , 

2Vn + l + l 

it is possible to exhibit a collection @ n of points a n j with center on the sphere S n = {y £ : 
|y| = + d n )/2}, such that 

T n C [J -Bi/^+r(a„,j), |a„j - a n , fc | > l/2\/n + 1 and #6 n < Cn"^ -1 , 

71 

for some constant C = C(N). If = K n n ^i/y^+iCfltaj), there holds 

^= U U 

The first intermediate step is related to the quasi-additivity property of capacities. 
Lemma 2.15 Let q > q c . There exists a constant C = C(N,q) such that 

E Cy&V^j) ^ Cn inq ~ l) ~ N/2 C2/q,Q' W^K n ) Vra £ N*, (2.52) 

n 

where B n j = ^/Vn+lC^ii) an< ^ ^/g,g' s t an ds for the capacity taken with respect to M. N . 

Proof. The following result is proved in [2j Th 3]: if the spheres B g(bj) are disjoint in R w and 
G is an analytic subset of \jB p ,(bj) where the pj are positive and smaller than some p* > 0, 
there holds 

C 2/q ,A G ) < Y,G 2M {G^B p .{bj)) < AC 2M (G), (2.53) 
j 

where 9 = 1 — 2/N(q — 1), for some A depending on N, q and p*. This property is called 
quasi-additivity. We define for n £ N*, 

T n = VnT n , K n = ^/nK n and Q n = \fnQ n . 

Since K n j C -Bi/ v ^+r(onj), the C2/g,g' capacities are taken with respect to the balls B 2 ^^z^(a n j) = 
B n j. By Lemma 12.121 with r = p = \/n + 1 

where -Knj = \/nK n j and £? n = \friB n j. For a fixed n > and each repartition A of points 
5>n,j = Vn^nj such that the balls B 2 e(d n j) are disjoint, the quasi-additivity property holds in 
the following sense: if we set 

K n ,A = [J Kn,j , K H) a = \fnK n ^ = [J K n j and K n = y/nK n , 
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then 

E %,,'(^)<%,-(^). (2.55) 

The maximal cardinal of any such repartition A is of the order of Cn N ~ l for some positive 
constant C = C(N), therefore, the number of repartitions needed for a full covering of the set 
T n is of finite order depending upon the dimension. Because K n is the union of the K n ^, 

E E C 2/q , q ,(K nj )<CC 2/q , q ,(K n ) (2.56) 

Combining (pToTj) and (f2"36~j) . we obtain (pT52~|) . □ 
Proof of Theorem \2.14\ Step 1. We first notice that 

«*r< E E ( 2 ' 5? ) 

0<n<a K o„j£9„ 

Actually, since .K" = |J n |J an . i^nj, for any < e' < e, there holds -K" e / C (J n U a „ ■ Kn,je- Because 
a finite sum of positive solutions of (jl.l p is a super solution, 

E E ( 2 - 58 ) 

0<n<a K O n ,j60 n 

Letting successively e' and e go to implies ([2.57 p . 

Step 2. Let re E N. Since K n j C -B^ /y/n+i (inj) and |x o ni j 

y / re)/2, we can apply the previous lemmas with r = l/y/n + 1 and p = r. For n > n^v there 
holds i = 1 > (r + 2pf = 9/(n + 1) and |sc - o»j| = (y/n + T - y/n)/2 > (2 + CAr)(3/VnTl) 
(notice that re;v > 8). Thus 

u* nJ (0,l) < Ce(v^-3/v^)V4^ /(Knj) 

< Ce 3/2 e -n/4 C ^ (Knj) (2.59) 

<CnVfa-i)-^ e -n/4 C2/M/( ^ nj)) 

which implies 

E u KnJ (0, 1) < Cn N Ml<-%-»'*C, M (K n ) 

Using the fact that 

for any n G N*, we derive 

E E «^(o, i)<c E « 2 r 1/(9 - 1} e - n/4 ^/^ (#7) • (2.60) 
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Finally, we apply Lemma 12.51 if 1 < n < n N and get 



E E ^(o>i)<^E^'(#t) 

<r / f w '/ 2 - 1 /(ff-i)--n/4 r » / K ™ 

^° L d n+l e ^2/9,9' I "I 

For n = 0, we proceed similarly, in splitting ivTi in a finite number of depending only on 
the dimension, such that diamiTi^ < 1/3. Combining (|2,6U |) and (|2.61 |) . we derive 

^(0,1) < C a ±d N n ^^e-^C 2M . (2.62) 

n=0 ^ n+1/ 

In order to derive the same result for any t > 0, we notice that 

u K (y,t) =t- 1 /^u KV - t (yVi,l). 

Going back to the definition of d n = d n (K,t) = \fnt = d n {Kyi, 1), we derive from (12.62 \\ and 
the fact that a „ . = a n 

u K (0,t) < Ct-^-^(n + lyMto-WCtM (-^-) , (2.63) 

n=0 \dn+lj 

which can also read as (|2.51 j) with x = 0, and a space translation leads to the final result. 
□ 

Proof of Theorem \2.1\ Let m > and F m = Fn B m . We denote by £7b^ the maximal solution 
of (11.1 p in Qoo the initial trace of which vanishes on B m . Such a solution is actually the unique 
solution of (|2.1 P which satisfies 

lim u(x, t) = oo 

uniformly on 5^,, for any ml > m: this can be checked by noticing that 

U B c m£ (y,t) = £ l ^U B cjVIy,£t) = U B C n/ Jy,t). 

Furthermore 

lim U B o(y,t)= lim m~ 2/ ^~^U B c(y/rn,t/rn 2 ) = 

uniformly on any compact subset of Q^. Since up m +U B c n is a super-solution, it is larger that 
up and therefore up m | up. Because Wp m (x,t) < Wp(x,t) and up m < CiWp m (x,t), the result 
follows. □ 

Theorem 12.11 admits the following integral expression. 
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Theorem 2.16 Assume q > q c . Then there exists a positive constant C* = C*(N,q,T) such 
that, for any closed subset F ofM. N , there holds 

u F (x,t) < J e-° 2 ^s N -^-^C 2M (±Fnlh(x)) sds, (2.64) 

where at = min{n : F C B ^/ n+1 ^ t (x)} . 
Proof. We first use 

F 



('■>.,,,' I I : ('■> I f i B 

and we denote 



*(*) = C 2/m , (j n B^j Vs > 0. (2.65) 

Step 1. The following inequality holds (see pQ and [24J) 

C]$(a«) < < c 2 $(/3s) Vs > 0, Vl/2 < a < 1 < /? < 2, (2.66) 
for some positive constants cj, c 2 depending on iV and q. If /3 € [1, 2], 

If a £ [1/2,1], 

*(a«) = C 2/<M , Q f j nB tt JJ« C 2/?i9 , f ^ n < C2*(a). 
.Step S. By (f2T66l 

C 2 /g,g' n ^ C 2 C 2/q,q' H #1^ V S € , fi n+2 ] , 



and n < a t . Then 

s 



ln+2 

c 2 / s" - '"Li 2 / M 

ln+1 



y 2/<?,g 

Using the fact that iV — 2/(q — 1) > 0, we get, 



> — Ci / ^^" n/4 - (2-68) 



s 

ln + 1 

_^ w AT-2/(g-l) p _ rl /4 

4e 2 
Thus 

t) < J ^ /*c 2M l^-F n B X J s <fe, (2.69) 

which ends the proof. □ 
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3 Estimate from below 

If fj, G Wl q + (R N ) n SDT 6 ^), we denote = u M)0 , that is the solution of 

f - A-u M + ul = in Q T , 

4 3.1 

I n^(.,0)=/i inR*. 

The maximal u-moderate solution of (11,1 p which has an initial trace vanishing outside a closed 
set F is defined by 

u F = sup {u^ite M q + (R N ) n CStt^R^) , /i(F c ) = o} . (3.2) 
The main result of this section is the next one 

Theorem 3.1 Assume q > q c . There exists a constant C2 = C2(N,q,T) > such that, for any 
closed subset F C R N , there holds 



u F (x,t) > C 2 W F (x,t) V(x,t) G Q T . (3.3) 

We first assume that F is compact, and we shall denote it by K. The first observation is 
that if [i G 9JQ.(R N ), u^ G L q {Qt) (see lemma below) and < < H[/z] := H M . Therefore 

> H„ - G [H*] , (3.4) 

where G is the Green heat potential in defined by 

G[f](t)= I ' W[f(s)](t-s)ds= f [ H(.,y,t-s)f(y,s)dyds. 
Jo Jo Jr n 

Since the details of the proof are very technical, we shall present its main line. The key idea 
is to construct, for any (x,t) G Qr, a measure fi = fi(x,t) G 371+ (R) such that there holds 

M^(x,t)>CW K (x,t) V(x,t)eQ T , (3.5) 

and 

G (H^) 9 < CHLj inQ T , (3.6) 

with constants C depends only on N, q, and T, then to replace \i by [i t = efi with e = 
(2C)~ Vfa- 1 ) i n order to derive 

> 2- 1 M Mt > 2- 1 CW^- (3.7) 

From this follows 

> 2- 1 M /i£ > 2- 1 C^. (3.8) 

and the proof of Theorem 13.11 with C2 = 2~ 1 C. 

We recall the following regularity result which actually can be used for defining the norm in 
negative Besov spaces [30] 

Lemma 3.2 There exists a constant c > such that 



c 

for any fi G W~ 2 / q ' q (R N 



1 ||/ i llvy- 2 /9.9(RiV) < IPmIIl9(q t ) - c \\l l \\w~ 2 /i-i(R N ) ( 3 - 9 ) 
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3.1 Estimate from below for the heat equation 
3.1.1 The extended slicing 

If K is a compact subset of M , m = (x,t), we define cIk, A, d n and at as in Section 2.3. Let 
a 6 (0, 1) to be fixed later on, we define T n for n £ Z by 

g2 \ K?2 



and put 



? 2 -(m)\BvH ifn>l, 

^(n+l) v 1 N Vtn v y — ' 

B 2 r (m)\B 2 , Jm) if n < 0, 



T„* = T n n {s : < s < t}, for n G Z. 

We recall that for ngN 4 , 

Q ™ = K n ^^+1) (m) = K n 5d » (x) 

and 

K n = K n T n+1 = K n (S dn+1 (x) \ (x)) . 

Let u n £ Wl + (R N ) n W -2 / 9 ' 9 ^) be the g-capacitary measure of the set K n /d n+1 (see [TJ Sec. 
2.2]). Such a measure has support in K n /d n+ \ and 

v n {K n /d n+ i) = C 2 / q) q'(K n /d n+ i) and ||^n||^-2/8,«'(K^) 

= {C 2M (K n /d n+1 )Y /q . (3.10) 

We define // n as follows 

H n {A) = d^ ,(q - 1] Vn {A/d n+l ) VA c K n , A Borel , (3.11) 

and set 

at 
n=0 

and 



ra=0 

Proposition 3.3 Let q > g c , i/ien i/iere /zoZds 

2 JiSpmt <=- ( " +1,/4 Ct /( '- 1) C 2/ „ I , (*!-) , (3.13) 

in x (0,T). 
Proof. Since 

BWOM) = (i^vi 4 e - |s - 2 " 2/4i ^n, (3.14) 

and 

y £ K n =>• \x - y\ < dn+i, 
d3351 follows because of ([33TD and (13351 . □ 
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3.2 Estimate from above for the nonlinear term 

We write ()3.4 p under the form 



u^^JX^i)-/ / H(x,y,t 
nez Jo JrN 

= h- h- 

since p n = if n ^ Ak = N n [1, a t ], and 



l> < ~~. — 7~T777T / / (t- s )-N/2 e -\ X -yf/4(i-,; 



neAi 



dyds 



(^) N / 2 Jo V 



n£A K 



dyds 



{4tt) n / 2 

for some I £ N* to be fixed later on, where 



N/2 p -\x-y\ 2 /4(t-s) 



and 



J i=E// (* 



s) ' e 



s yN/2 e -\x-y\ 2 /A(t-s) 



n<p+£ 



n>p+£ 



dyds, 



dyds. 



(3.15) 



(3.16) 



The next estimate will be used several times in the sequel. 
Lemma 3.4 Let < a < b and t > 0, then, 



max 



[a- N ' 2 e-P 2 l ia :0<a<t, at < p 2 + a < bt} = e 1 



/4 



f -N/2 -a/A i f_EL > l 

2N 



™) N/ Wif^L<i. 

at J 2N ~ 



Proof. Set 
and 



N/2-p 2 /4a 



J{p,a)=a- N "e 



JC a>b>t = {(p,a) G [0,oo) x (0,t] : at < p 2 + a < bt} . 



We first notice that, for fixed a, the maximum of a) is achieved for p minimal. If a G [at, bt] 
the minimal value of p is 0, while if a € (0, at), the minimum of p is \/at — s. 
- Assume first a > 1, then J^ai - a,cr) = e V 4 C r- JV / 4 e- ot / 4<T , thug5 if 1 < a / 2Ar the mini _ 
mal value of Ji^Jat — a, a) is e (i-2JV)/4( 2 jv/ot) JV / 2 , while, if a/2iV < 1 < a, the minimum is 

e l/4 t -7V/2 e -a/4 > 
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Assume now a < 1. Then 



max{ l 7(p, a) : (p, a) G ZC a j, t} = max < max ^7(0, a), max J[^J at - 

[ae(at,t] ae(0,at] 

= max 
= e (l-2A0/4 (2iV/at) iV/ 2 _ 

Combining these two estimates, we derive the result. 



(J, a, 



□ 



Remark. The following variant of Lemma 13.41 will be useful in the sequel: For any 9 > 1/2N 
there holds 



max 



/ o /v# \ N / 2 

{J(p,a) : (p,a) e /C(o,6,t)} < e 1/4 f — — J e" a/4 if 0a > 1. (3.17) 



Lemma 3.5 There exists a positive constant C = C(N,£,q) such that 



n=l 



n+l 



(3.18) 



Proof. The set of p for the summation in Ji is reduced to Z n [— t + 2, oo) and we write 



where 



and 



j m= E // (*-*) 



p=2-i 



^-N/2 e -\x-y\ 2 /4(t-s) 



' y 7"* 



If p = 2- 4. 
and, if p > 1 



,0, 



^-A72 e -|:r-y| 2 /4(t-s) 



( y , s ) G T* =^ to 2 " 2p < |x - y\ z + i - s < t a -' zp , 



E M ^^>' 

n<p+£ 



E H Mn(y- 



n<jH 



2p 



(y, s) G 71* pt <\x — y\ 2 + t — s < {p + l)t. 



By Lemma 13.41 and (13.17 p . there exists C = C(N,£,a) > such that 



max 



if p = 2 — 0, and 

:{(« 



ma X <(t- S r JV/2 e-l a, -"l /4(t " s) 



:(y,s)er;}<cr 



iV/2 e -p/4 



(3.19) 



(3.20) 
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if p > 1. When p = 2 -£,... ,0 



1 



9 p+e-i 



(3.21) 



for some C = C(£,q) > 0, thus 



< cr N / 2 e e-° 2 " 2p / 4 e p 



MnHi?(Q t ) 



p=2-^ 
£-1 



n=l 



MnHi?(Q t ) 
ra=l p=n— f+1 

^-1 



(3.22) 



< Cr^V^V^ l|H 



71=1 



If the set of p's is not upper bounded, we introduce 5 > to be made precise later on. Then 



■p+e-i 



E 



< 



■p+e-i 



E e 5q ' n 



q/q' 



p+e-i 



(3.23) 



with q' = — 1). If, by convention [i n = whenever n > at, we obtain, for some C > which 
depends also on (5, 

oo p+£-l 



J2,i < cr N / 2 J2e {5{p+e - 1)q - p)//l E e ~ 5W4 PmJILcq, 



p=l 

oo 



n=l 



< ct-^E p 



MnllL9(Q t ) 



-<5<jn/4 



3 («5(p+£-l) ? -p)/4 



(3.24) 



n=l 



< Cr Ar/2^ e -(l+(„-|) + )/4|| M ^| 



p=(n-£+l)Vl 

<? 

L"(Qt) ■ 



n=l 



Notice that we choose 5 such that blq < 1. Combining (|3.22 p and (|3.24 p . we derive (|3.18 p 
from Lemma O (pTCO! and (IBTlTp . □ 



The set of indices p for which the fi n terms are not zero in is Z n (— oo, at — £]■ We write 
where 



J[,e= E // (* 



s ^iV/2 e -|x-j/| 2 /4(t- S ) 



- T* 
p=— oo p 



E m ^(y,s) 

n=lVp+£ 



dyds, 
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and 



at— l „ „ 



s \-N/2 e -\x-yf/A(t-s) 



p=l V 



n=p+l 



q 

dyds. 



Lemma 3.6 There exists a constant C = C(N,q,£) > such that 

at 

At < ct'-^/^-^^-^^f"'^/^ 

n=0 



n+1 



(3.25) 



where (3 = {q- l)/4 and h = 2q(q + l)/(q - l) 2 . 
Proof. Since 

(y,s) E T*, and (z,0) G K n \y - z\ > {y/n - a~ p )Vi, 

there holds 

HUy, S ) < (4^)-^ 2 e-(^— ) 2 */4 >n(Kn) < Cr N l\-^-' P ) 2 '^ n {K n ), 
by Lemma 13.41 Let e n > such that 



(3.26) 



n=l 



then 

o 

J' u < CA q J q 't- N i/ 2 



p=—oo 
oo 



( t _ s )-^V/2 e -|x-s/| 2 /4(t-,) £ e -<Z e - g (^-<*- p ) 2 /4 M £ (ifn)ds dy 
n=lV(p+£) 

p=0A(n-f) 

<CA q t /q 't- N l/ 2 J2^ g ^n(Kn) e-^-«- p ) 2 /4 / / ( t _ a )-JV/2 e -|*-»| 2 /4(t--) ds(il , 



71=1 

OO 



< CA q/q 't- N <i/ 2 ^2en q vUK n )e-^-V 2 / 4 / / (i - s^We-WM^d* dy 

n=l ^ u p<o T p 

oo 



n=l 



(3.27) 

Set h = 2q(q + l)/(q - l) 2 and Q = (l+q)/2, then q(^fh~ - l) 2 > Q(n - /»)+ for any n > 1. If 
we choose e n = e -(ff-i)(n-fc)+/i89 j there holds e -9 e -9(v^-i) 2 /4 < e («+3)(n-fc)+/i6_ Finally 

oo 

At < ct 1 -^/ 2 ^ 1 ^^-^/ 4 ^^), 



71=1 



with flo = (q — l)/4, which yields to (|3.25 p by the choice of the // n . 



□ 



In order to make easier the obtention of the estimate of the term J' 2 «, we first give the proof 
in dimension 1. 
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Lemma 3.7 Assume N = 1 and £ is an integer larger than 1. There exists a positive constant 
C = C{q,£) > such that 

A, < Ct-V*£e^'*faM*-Vc 2M . (3.28) 

n =e \a n+ ij 

Proof. If (y, s) G 7^* and z G i^T ra (p > 1, n > p = t) , there holds \x — y\ > \ft^pp and 
|y — z\ > \/t{^/n — yjp + 1). Therefore 

at— £ i ft (at 

p=i Jo \n= P +e 

If e G (0, g) is some positive parameter which will be made more precise later on, there holds 

\ i 

at 

S - 1 /2 e -(^-v^T) 2 */4 >n ( Kn ) 

. n=p+£ 

at \ a t 

n=p+£ J n=p+£ 

by Holder's inequality. By comparison between series and integrals and using Gauss' integral 

at roc 
\^ e -eq'( y /7i- y fp-+l) 2 t/As < / e -eq'(^-^+T) 2 t/4s dx 

. _ , . Jp+£ 

/oo 
^ e -eq>xh/4s( x + ^Zfl)d x 
v ip+£--Jp+l 

a„ roc 

< ^ e -eq'(Vp+£~V¥+T) 2 t/As + 2y ^TT / e^^dx 



n=p+l 

roc 



c ^ (Pj+I> e _ e9 /( V ^ R _ V ^+ I) 2 t/2S 



< c 

If we set q e = q — e, then 



(p+ l)a 



oo n— 



n=£+l p=l 

where C = C(e, g) > 0. Since 



I* _ s )-l/2 s -l/2 e -pt/4(t-5) e -g £ ( v ^-v^+T) 2 )t/4 Sds 

Jo 1 

= [ (1- S )-l/2 s -l/2 e - P /4(l- S ) e - 9E (^v^+T) 2 /4 SdS) 
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we can apply Lemma lA. II with a = 1/2, b = 1/2, A = ypp and B = ^/q^(\/n — \Jp + 1). In this 
range of indices B > ^/q~ e Wp + £ — VP + 1) ^ \/Qe(£ ~ l)v/P> * nus K = y/<k{& ~ 1) and 



Therefore 

r)) 2 /4 
(3.29) 



/ ,i ( t _ s )-V2 s -9/2 e -pi/4(t-s) e - g ( v ^-VPTT) 2 t/4^ s < ^ 1/4 (V» \/P) 1/2 c -(,/p+,/o7(^^/^T) 



which implies 

at q / ts \ n ~t- 



" ( Tf \ — 

4,i < Ct x -<*' 2 ^j=^Y,P (2q ~ 3)/4 ^ - v ^) 1 / 2 e-^+^v^-v^T)) 2 /4 ; (3 . 30) 

n=£+l v p=l 



where C depends of e, q and I. By Lemma [A. 2 1 

at 

4,e < Ct l ~ q ' 2 Y n (9 - 3)/2 e- n/ V£(iQ (3.31) 
n=e+i 

Because fi n (K n ) = c2„+i 1 l C2/ qt q>(K n /d n +x) (remember N = 1) and diamET n /(i n+ i < 1/n, 
there holds 

/#(#n) < C(Vi/VK)i- 3 » n (K n ) = C(^/^)«- 3 4f /(, - 1) C 2/M ,(i( n / ( l„, +1 ) (3.32) 

and inequality (13.28 h follows. □ 

Next we give the general proof. For this task we shall use again the quasi-additivity with 
separated partitions. 

Lemma 3.8 Assume N > 2 and £ is an integer larger than 1. There exist a positive constant 
d = d(q,N,£) > such that f 

4, < C^f^e-^^C^ (^~) • (3.33) 

Proof. As in the proof of Theorem 12. 141 we know that there exists a finite number J, depending 
only on the dimension N, of separated sub-partitions {#@tn\'h=i °f the se * s T n by the A^-dim 
balls -S x /i/ v ^+i(on,j) where |a nj | = (d n+ \ + d n )/2 and \a n j — a n ^\ > \ftj2\Jn + 1. Furthermore 

J 

#©t l i n < Cn N ~ x . We denote K n j = K n nB^q^^^-(a n j). We write fj, n =/ JJ^, and accordingly 

h=l 

J 

J 2,e =52 J 2 h e > where = Yl 

f 1 n,j, and /in j are the capacitary measures of K n j relative to 

h=i jee* n 
B n ,j = B m/5 ^(a n ,j), which means 

Vn,j( K n,j) = C 2/ n q!q'( K n,j) and \Wnj\\ W -2 M {Bn<J ) = ( C 2/^ g '( K n,j)) ^ ■ (3-34) 
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Thus 



at-£ 

E 

P =i 



v: 



(t _ s )-^/2 e -N-J/l74(*-s) 



oo J 



E E E*w^) 



dyds. 



We denote 



at— ^ „ „ 

4" = E// (*-«)" 



N/2 e -\x-y\ 2 /m-s) 



E E ^W^) 



dyds, 



and clearly 



(3.35) 



/i=i 



where C depends only on iV and q. For integers n and p such that ra > £ + 1, we set 
K,j, y = inf{|y -z\:z€ B^^-^^nj)} = \y - a n>j \ - y/i/y/n + l. 

Therefore 



at r. at r- 

E / e- |j/ - 2|2/4s «*) = E E / ^- z|2/4 ^-( 



n=p-\-£ 



/ \ 1/q ' 

I a t \ I a t 



< 



E E 



\n=p+e je 0h n 

where e > will be made precise later on. 
Step 1 We claim that 

at 



E E ^ w/ %w 



\ 1/9 



E E e- £9 ' A "- /4s < C 1 

n=p+(j&Bt, n 



(3.36) 



where C depends on e, g and iV. If y is fixed in T p , we denote by the point of T n which solves 
\y - Zy\ = dist (y, T n ). Thus 

\/i{\Jn - \Jp+ 1) < |y - %| < i(\/n - y/p). 



Let Y = yy/t(p+l)/ \y\. On the axis Oy we set e = Y/ \ Y\, consider the points = (k-\/i/ \fn)e 
where — n < k < n and denote by G n ,fc the spherical shell obtain by intersecting the spherical 
shell T n with the domain H n ^ which is the set of points in WL N limited by the hyperplanes 
orthogonal to OY going through ((k + l)Vt/ ■\/n)e and ((k — l)y/t / \/n)e. The number of points 
a n j € G ni k is smaller than C(n + 1 — \k\) N ~ 2 , where C depends only on N , and we denote by 
A„ 5 fc the set of j G &t, n such that a n j G G n ^. Furthermore, if a n j G G n ^ elementary geometric 
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considerations (Pythagore's theorem) imply that ■ is greater than i(n+p+l— 2k^/p + 1/i/n). 
Therefore 



at at n 



J2 Yl e~ eq ' Xl > j > y/4s < C J2 J] (n + 1 - |jfc|)Ar-2 e -6 9 '(n+p+i-2fe^+T/)t/4 S VH (3>37) 

n=p+£j£@t, n n=p+£k=—n 

Case N = 2. By summing a geometric series and using the inequality e n /(e n — 1) < 1 + l/u for 
u > 0, we obtain 



n eq r t\/p J r\l2s\/n 

E e eq'(kVp+l/)t/2s^i < c eq'^/»(p+l)/25 e ' ' ' 



e eg't v / p+T/2s v / n _ J 
fc=— n 



Thus, by comparison between series and integrals, 

at a t 



at ' / / — \ 



f~< „ poo 

tVpJ P +i 



Next 



and 



poo _ poo 

/ ^e-^'^-^^y^^dx = 2 e -^'(y-VP+T) 2 t/is y 2 dy 
Jp+i ^ v ^ rT 

= 2 [ e - e o'y 2t / 4s (y + VpTT) 2 dy 



, , S\3/2 

11 1 



(3.38) 



*t/4s 

\ ' : /. T> / ' 

n=p+£ j&Bt, n n=p+£ 

poo 

<C e -tq'(V^-Vp+T) 2 t/4s dx (3.39) 
Jp+i 



poo _ poo 

/<oo poo 

= 2 e- eq 'y 2t / As ydy + 2^+T / e'^v^l^dy (3.40) 
wo V t Jo 



< 4 / e~ €( i'y 2t / 4s y 2 dy + 4(p + 1) / e'^'v^dy 
Jo Jo 

e -eq'z 2 /4 z 2 dz + 4 ^ + J\-^^/^dz 



(3.41) 
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Jointly with (|3,39 |) . these inequalities imply 



at 



n=p+£ j&&t,n 



(3.42) 



Case N > 2 Because the value of the right-hand side of (|3.37 p is an increasing value of N, it is 
sufficient to prove (|3.36 p when N is even, say (N — 2)/2 = d G N*. There holds 

n n 

(n + 1 - |fc|) rf e e '?'( fc v / ^ :T /)*/2^ < 2 ^(n + 1 - k) d e tq '^ k ' / ^ l, ) t/2s ^ i (3.43) 



k=—n 



k=0 



We set 



Since 



a = eg' \Jp+l/\ t/2sy/n and I d = ^(n + 1 - £;) d e 



fea 



fc=0 



ka 



3 (fc+l)a gfea 

e a - 1 



we use Abel's transform to obtain 
1 



e a - 1 
1 



e (n+i)a _( n + iY + ^((n + 2-k) d -{n + 1- k) d ) e 



ka 



k=l 



< — (1 - d)e i ~ n+l ^ a - (n + l) d + de a J^ ((n + 1 - /c) d_1 ) e A 



e" — 1 

Therefore the following induction holds 



fc=l 



e Q - 1 



In (|3.38 P - we have already used the fact that 

de' 



e a - 1 



< C 1 + 



and 



Thus (|3.39 |) is replaced by 



h < C 1 + 



E E 

n=p+£jeOt,n 



roo 



-eq'(y/E-y/p~+T) 2 t/4s 



< c 



eq'(y/x- VP+1) 2t / As dx 



Cs\ d+1 



<Vp) 



(3.44) 



; (d+l)/2 e -eg'( v / 5- v / ^+r) 2 t/4s^ x> 



p+l 



(3.45) 
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The first integral on the right-hand side has already been estimated in (|3.4U |) . for the second 
integral, there holds 

/*oo poo 

/ x (d+l)/2 e -e q >{V5-Vp+T) 2 t/4s dx = / { y + ^+l)d+2 e ~eq'yH/is dx 
Jp+1 JO 

poo poo 
< C I yd+2 e -eq'yh/As dy + Q p (d+2)/2 / e -eq'yH/is dy 

Jo Jo 

<c(-Y +d/2 r*P+We-**/*dz 



(3.46) 

Combining (p^Ol . and <KW} . we derive (^36~jl . 



Step 2 Since T* C T p x [0, t] where T p = -Bd p+1 (x) \ B^ p _ 1 (x), (y, s) G 7^* implies that \x — y\ > 

'2,i 



(p — l)t, thus JLH satisfies 



oo r t . 

J' 2 \ < ^(i-^W^i)^ / / 
p= i Jo Jr P 



(t - s yN/2 s -(q(N~l) + l)/2 e -\x-y\ 2 /4(t- S ) 



at 

X 



(3.47) 

< ct^i* e E 

n=M-l i6 e*„ 

x V^ 9 " 1 )/ 2 (t~ S )-^/ 2 S -(^- 1 )+ 1 )/ 2 e -|^^ 2 /4(t-,) e - g A2 j . !/ (l- e )/4 Sdsd2/ 

and the constant C depends on N, q and e. Next we set q e = (1 — e)q. Writting 

|y - flnjl 2 = |x - y| 2 + \x - a nj -| 2 - 2(y - x,a n j - x) > pt + \x - a nj -| 2 - 2(y - x,a n j - x), 
we get 

y/t(p+l) 
\/tp J\x-y\=r 



f 2 2 fV , f 

/ e -9 E |s/- a n,j| / 4s ^y = e ~^l x ~ a ™jl / 4s / e ~ qer ' 4s / e 2q ^ y ~ x,an ' i ~ x ^ 4:S dS r (y)dr. 

Jr„ Jjtt J\x-y\=r 



For estimating the value of the spherical integral, we can assume that a n j—x = (0, . . . , 0, \a n ,j — x\ 
y = (yi, . . . ,2/tv) and, using spherical coordinates with center at x, that the unit sphere has the 
representation S^" 1 = {(sin (f>.a, cos <p) G M 7 ^ 1 x E : cr G S^ 2 , G [0,vr]}. With this repre- 
sentation, dS r = r N ~ 1 sin^ -2 (f>d(j)da and (y — x, a n j — x) = \a n ,j — x\\y — x\ cos <fi. Therefore 

f e 2q e (y-x,a n ^-x)/4s dSr ^ = r N-l |£iV-2| f^q, \a n tj -x\r cos ^/4s gin JV-2 ^ 

J\x—y\=r JO 
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By Lemma lA.31 

r N — 1 e 2q e r\a nt j—x\/ 'As 



e 



2q ( (y-x,a nJ -x)/As dSr ^ < q_ 



\x-y\=r (1 + r \a n j - x\ /s) (7V 1)/2 

\ (N-l)/2 

< Cs^ -1 )/ 2 f ; - | e 2q e r\a n , 3 -x\lAs 



(3.48) 



Therefore 

f l2 , , (N~l)/2 -q ( (\a nJ -x\-y/t(p+l)) 2 /As 

/ e -lAv-a n ^/As dy < Ct (JV+l)/4 p (JV-3)/4f f _____ ( (3.49) 

Tp I Gjft^j ^ I 

and, since \a n j — x\ > y/tn, 

(f _ s yN/2 s -(q(N-l) + l)/2 e -\x-y\ 2 /A(t-s) e -q t Xl Jty /As dy ^ 

< C ^^" 3 ^ 4 /"*(t - s )-A r /2 s -((g-i)(Af-i)+i)/2 e - P V4(i- S ) e -g e (v / te-V*(p+ 1 )) 2 /4^ s 

< n- - / (I - s ^-JV/2 -((g-l)(JV-l)+l)/2 -p/4(l- S ) -g £ (VH-^+T) 2 /4s 

(3.50) 

We apply Lemma ETJ with ,4 = y/p, B = y/q~e{\/n - VpTT), b = ((g - l)(iV - 1) + l)/2, 
a = iV/2 and k = \/q^(£ — l)/8 as in the case iV = 1, and noticing that, for these specific values, 

A l-* B l-b( A + B) a+b-2 = p (2-N)/A^^ _ v ^ + T)) (l-( g -l)(JV-l)/2 

x (y/p + y/Te{V^ - Vp+l)) iiq - 1){N - 1]+N - 3)/2 

< c (a\ m ~ 1/2 (V^-vp^ 



where C depends on iV, g and k. Therefore 

f [ {t- s )-N/2 s -N/2 e -\x-yf/A(t-s) e - qe \y-z\*/A Sdy ds 
Jo Jr p 

f (l-q(N-l))/2 n (N-3)/A / \ N/A-l/2 , r- _ (l-(g-l)(JV-l)/2 
< C - < (l- 9 (iV-l))/2 p -l/4 n (( g -l)(JV-l)-2)/4^ _ ^(l-to-lJ^-lj^g-C^+^v^-v^+T)) 2 ^. 

(3.51) 

We derive from (EOT")) . ([33l~) . 

at n— £ 

(3.52) 
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By Lemma with a = (2q - 3)/4, (3 = (1 - (q - 1){N - l)/2, 5=1/4 and 7 = g e , we obtain 

n-t 

V^p(29-3)/4^_ ^)(l-(g-l)(iV-l)/2 e -(^+^(^-v^+T)) 2 /4 < ^ n (jV( -l)+g-3)/4 e -n/4 ; 
p=l 

(3.53) 

thus 

at 

j,J < ^-iVa/2 £ n iV (g -l)/2-l e -n/4 £ ^ .(^,). (3>54) 

Because 

/ v JV/2- l/( 9 -l) 

and diam (\/n-j- lK n j/ yi) < 2, there holds 

/ .v iV(g-l)/2-l 

/4j(^nj) < ("J ^,(^0, (3-55) 

we obtain 

at 



JV/2-l/( g -l) 



n=£+l Kll/ 



(3.56) 



byusing([232])inLemma[235l Since C 2/m , (v^nM) < (d n+1 ^E/Vt) N ~ 2/(q ~ 1) C 2M (K n /d n+1 ), 
we finally derive 



J5J < cr^ £ Ci 2/(9_1) ^ /4 E (3.57) 

J 

Using again the quasi-additivity and the fact that J 2i = J' 2 \ 1 we deduce 

h=l 

at 

J2,e<C't~ N / 2 d^-^ q - l) e- n ^C 2/m ,{K n /d n+l ), (3.58) 

n=i+l 

which implies (|3.33 p . □ 

The proof of Theorem 13.11 follows from the previous estimates on J\ and J 2 . Furthermore 
the following integral expression holds 
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Theorem 3.9 Assume q > q c . Then there exists a positive constants C| , depending on N ,q 
and T, such that for any closed set F , there holds 

u F (x,t) > -^J^e-sV^ s N-2/( q -l) C2/q>ql ^ n Bl(x) \ sdSj (3.59) 
where at is the smallest integer j such that F C B y^j(x). 

Proof. We shall distinguish according q = q c , or q > q c , and for simplicity we shall denote 
B r = B r (x) for the various values of r. 

Case 1: q = q c <==>- N - 2/(q - 1) = 0. Because F n = F n (B dn+1 \ B dn ) there holds 
Furthermore, since d n +i > d n , 



'FnB dn \ „ ( d n FnB dn \ „ „ (F 

thus 



° 2M I -d^f J ~ ° 2M {d^—dT~) ~ ° 2M \T f] B> 



° 2M (d^) " ° 2M (£r n Bl ) ~ ° 2M (£ n Bl ) 



it follows 

it / T-i \ at 



n=l v ' n=l v ' n=l ' 

>- t : -^„, e-v/£e-»/^ 2/ „„, n Bl ) 

n=l v ' n=0 ' 

o t — 1 

> (1 _ e-^)Y^e-^C 2M (— n B X J - e-V4c 2/3i9 , (— n 

Since, by (HjTj), 



C2/g,q' (Jp n Bi^ > C 2 /g,, 



for any s' G [dn+i, anci s G [d n ,d n+ i], there holds 



-n-Bi)> C 2/M , (- n B] 



fd„+i 



> / e" s2 / 









J dn 








(7 



This implies 



W^(x,*) > (1 - e~ 1 /4) r (i+iV/2)^ vW e - s V4^ 2/(?j(? , ^ n scfe . 
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Case 2: q > q c <^=^ N — 2/(q — 1) > 0. In that case it is known pQ that 

r ( F " \ ~ ^/(i-V-N r (w \ 



thus 



W F (x,t) « r^^/^e-/ 4 ^,, (F n ) . 

n=0 

c 2/g , ? ' (^) > c 2/q>q , (f n s dn+1 ) - c 2/m , (F nsj, 



Since 
and again 

^/ 2 £e-/ 4 C 2/(M , (F n ) > (1 - e- 1 /4 )r ^/ 2 £ e-«/ 4 C 2/M , (F n B dn+1 ) 

ryf tat 

> (1 - e -i/4) t -(i+JV/2) / e - s2 / 4 *C 2/9ig , (F n S s ) s (is. 
Because C a/M # (F n S s ) « s N - 2 /^C 2/qtql (s^F n B x ) , (13391 follows. □ 
4 Applications 

The first result of this section is the following 

Theorem 4.1 Assume N > 1 and g > 1. T/ien = n^-. 

Proof. If 1 < q < q c , the result is already proved in [21] . The proof in the super-critical case is an 
adaptation that we shall recall, for the sake of completeness. By Theorem 12.161 and Theorem l3.9l 
there exists a positive constant C, depending on N, q and T such that 

UF(x,t) < Up(x,t) y(x,t) £ Qt- 

By convexity u = u F — (uf — u F ) is a super-solution, which is smaller than u F if we assume 

that up 7^ Up. If we set 9 := 1/2 + 1/(2C), then ug = dup is a subsolution. Therefore there 
exists a solution u\ of (jl.l p in such that < u\ < u < u F . If \i G 2K^_(IR Ar ) satisfies 
n{F c ) = 0, then ti^ is the smallest solution of (jl.l |) which is above the subsolution 6*u M . Thus 
< ^i < and finally Up < u\ < Up, a contradiction. □ 

If we combine Theorem 12 . 1 61 and Theorem l3.9l we derive the following integral approximation 
of the capacitary potential 
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Proposition 4.2 Assume q > q c . Then there exist two positive constants C\, C 2 , depending 
only on N , q and T such that 

C t r (l+iV/2) /" V ^ s iV-2/( g -l) e -sV4t C . 2/ ^ / fL nBl (x)\ Sds < W F (x,t) 

rV^) / f \ (460) 

< dt-WV s N - 2 /^e- s2 / 4t C 2M \± n B 1 {x)J sds 

for any (x,t) £ Qt- 

Definition 4.3 If F is a closed subset of~R N , we define the (2/q,q r ) integral capacitary potential 
W F by 

pD F {x) / Tp \ 

W F {x,t) = t~ 1 ~ N/2 J Q s N ' 2 l^e- s /4t C 2M (- n B 1 (x)J sds V(x,t) G Q^, (4.61) 

where D F (x) = max{|x — y\ : y £ F}. 
An easy computation shows that 

/tat 



< W F (x,t) - *" (1+ ' V/2) ^ ' s N - 2/[q - l) e- s2 / At C 2/qA , n B 1 (x) S j sds 



,(5-3)/2(g-l) 
< C- -Dl(x)/4t 

~ D F {x) 



(4.62) 



and 

^(ot+2) 



ryJt{at+2) /Tp \ 

< H 1+iV / 2 ) y st-Wi-Ve-fl^Ci/^ (j n Bi(x)J s - W F (x, 



t) 



,(5-3)/2(5-l) 
< (7- -Df,^)/^ 

" ^(x) 



(4.63) 



for some C = C(N, q) > 0. Furthermore 

*D F (x)/Vi 



r D F (x) Vt „ /jp \ 

W F (x,t) = rVte-i) jf S iY - 2/( ^ 1) e- s2 / 4 C 2/9 , g , f n B^arjJ sds. 



(4.64) 



The following result gives a sufficient condition in order u F has not a strong blow-up at some 
point x. 

Proposition 4.4 Assume q > q c and F is a closed subset ofM. N . If there exists 7 € [0, 00) such 
that 

Jim C 2/M , ^ n = 7, (4.65) 



then 



KmtWt-VuFfat) = C7, (4.66) 



/or some C = C(JV,g) > 0. 
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Proof. Clearly, condition (|4,65 |) implies 

limC2/q,g' (-^ nfli(i) i - : 

for any s > 0. Then (|4.66 p follows by Lebesgue's theorem. Notice also that the set of 7 is 
bounded from above by a constant depending on N and q. □ 

In the next result we give a condition in order the solution remains bounded at some point 
x. The proof is similar to the previous one. 

Proposition 4.5 Assume q > q c and F is a closed subset ofM. N . If 



(4.67) 



limsupr" 2/(9_1) C2/g,g' nBi(x)j < 00, 
then up(x,t) remains bounded when i — > 0. 

A Appendix 

The next estimate is crucial in the study of semilinear parabolic equations. 

Lemma A.l Let a and b be two real numbers, a > and n > 0. Then there exists a constant 
C = C(a,b, k) > such that for any A > 0, B > k/A there holds 

f\l - x)- a x~ h e~ A2 /^- x h~ B2 l ix dx < Ce-^ B ^^A l - a B l ~\A + B) a+h ~ 2 . (A.l) 
J 

Proof. We first notice that 

maxje- 42 / 4 ' 1 -^^ 2 / 41 ' : < x < 1} = e ^ A+B ^l\ (A.2) 
and it is achieved for x = B/(A + B). Set $(x) = (1 - x )-a x -b e -A 2 /4(i~x) e -B 2 /4x^ thug 

j-l rx rl 

/ &(x)dx = / §(x)dx + / §(x)dx = I a:b + J a)b . 

JO JO Jx 

Put 

A 2 B 2 
4(1 - x) Ax 

then 

4ux 2 - (4u + B 2 - A 2 )x + B 2 = 0. (A.4) 
If < x < xq this equation admits the solution 



x = x 



(it) = i- (4u + B 2 - A 2 - tJIGu 2 - 8u(A 2 + B 2 ) + {A 2 - 5 2 ) 2 ) 



/ (1 - x)~ a x- b e~ A2 /^ l ~^- B2 l Ax dx = - 
Jo Jl 



(1 - x(u))~ a x(u)- b e- u x'(u)du 

(A+B)2/4 
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Putting x' = x'(u) and differentiating (|A.4 |) . 

Ax 2 + 8uxx' - (4it + 5 2 - .d 2 )^ - Ax = 



4u + 5 2 — j4 2 — 8wx ' 
Thus 

= 4 / - ^" \> . (A.5) 

o J(A+b) 2 /a Au + B z - A z - 8ux(u) 

Using the explicit value of the root x(u), we finally get 

X( > . f°° (l-x(u))- a+1 x(u)- b+1 e- u du fk , 

$(x)dx = 4 / , w (A.6) 

Aa+b)V4 V 16 " 2 " M^ 2 + + " ^ 2 ) 2 
and the factorization below holds 

16n 2 - 8u(,4 2 + B 2 ) + {A 2 - B 2 ) 2 = 16(u - (A + B) 2 /A)(u -{A- B) 2 /A). 

We set u = v + (A + B) 2 /4 and obtain 

_ « + (AB + £ 2 )/2 - y/v(v + AB) 
2(^ + ^ + 5)2/4) 

and 



, . _ v + (A 2 + AB)/2 + ^gj + AB) 
2(« + (A + B)V4) 

We introduce the relation ~ linking two positive quantities depending on A and B. It means 
that the two sided-inequalities up to multiplicative constants independent of A and B. Therefore 

rX r-OO 

/ $(x)dx = 2 a - fc - 4 e -(^+ B ) / 4 / §(v)dv where 
Jo Jo 

(v + (AB + B 2 )/2- ^v(v + AB)) *~ (v + (A 2 + AB) /2 + v^T+AB)) 1_ ° 

$(«) = L e ~ v dv 

(v + (A + BfjA) 2 - a - h y/v{v + AB) 

(A.7) 

Case 1: a > 1, b > 1. First 

(v + (A + B) 2 /A) a+b - 2 < (, + (A + i?) 2 /4) a+fc - 2 ^ (v + (A + B) 2 ) a+b - 2 



^/v(v + AB) yjv{v + k) vMv + K 

since a + b — 2 > and AB > k. Next 

(v + (^ 2 + AB)/2 + v^T+AB)) « (v + A(A + S)) 1 "" . (A.9) 

Furthermore 

v + (A + 5) 2 /4 



v + (AB + 5 2 )/2 - y/v(v + AB) = £ 5 



v + B(A + B)/2 + + AB) fA1Q) 
v + (A + B) 2 

v + B(A + B)' 
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Then 

+ (AB + B 2 )/2 - Vv(v + AB)) ^ « &~» ( ^^ ) ^ (A-H) 



It follows 



~ ' \v + A(A + B)J J v ( v + „) 



(A.12) 



\/ u(v + k) 

where C depends on a, b and n. The function v t—* (v + (A + B) 2 )/(v + ^4(A + -B)) is decreasing 
on (0,oo). If we set 

roo v b-l e -v dv f oo e -v dv 

C\ = I — -j^=^= and G2 



\Jv{y + k) Jo y/v(y + k) 

then 

Ci < K{B 2 + ABf- 1 C 2 

with if = C X K L - b /C 2 . Therefore 

/■SO 

/ $(x)cfe < Ce-( A+B ) / 4 5 1 - fc yl 1 - a (A + S) 0+ft - 2 . (A.13) 
J 

The estimate of J aj h is obtained by exchanging (A, a) with (B, b) and replacing x by 1 — x. 
Mutadis mutandis, this yields directely to the same expression as in IA.13 I and finally 

r-i 

/ <S>(x)dx<Ce-( A+B)2/4 A 1 - a B 1 - b (A + B) a+b - 2 . (A.14) 
Jo 

Case 2: a > 1, b < 1. Estimates ([AT]) . (pOp, (jA.10 p and (|A.ll [> are valid. Because 

I? 1— > (v + .6(^4 + B))^ 1 is decreasing, (IA.12 | has to be replaced by 

Hv)<CB ^(^A±^X-' (AB + B*r (A . 15) 

This implies (|A.13 P directly. The estimate of J a ^ is performed by the change of variable 
x 1 — ^ 1 — x. If x\ = 1 — xq , there holds 

4,6= / *~ a (l - x)- b e- A2 l ix e~ B ' 2 l^ l - x Ux = / *(s)da?. 
Jo Jo 

Then 

/•ail 

/ ^(x)dx = 2 b ~ a - A e-^ A+B ^ / 4 / ^(v)dv where 
Jo 1 
+ (AB + A 2 )/2 - y/v(v + AB)) ° (u + (£ 2 + AB)/2 + ^(v + AB^ 

q?( v ) = 1 L \ L e ~ v dv 

(v + (A + B) 2 /A) 2 ~ a ~ b y/v(v + AB) 

(A.16) 
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Equivalence (|A.8 P is unchanged; (|A,9 P is replaced by 

(v + (B 2 + AS) II + y/v{v + AB)"j '"^ « (« + B(A + B)) l ~ b , (A.17) 

(H353 by 

u + (AS + A 2 )/2 - v^TTAB) « A 2 J+^ + + ^ 2 } , (A.18) 

and (|A.ll p by 

(t, + (AS + A 2 )/2 - v^TAB)) ^ - A 2_2a ( ^^P ) ■ (A-19) 

Because a > 1, (|A,12 p turns into 

*<„) < C7A>-»(, + (A + ^WyVg+iS^ 

V"(« + «) 

^a-fe + ^2 + AB y-l v l-b + ( S 2 + ^l-b^a-l + A a - l B 1 ~ h {A + £) a ~ b 



y 7 ?; (v + k) 

(A.20) 

Because AB > k, there exists a positive constant C, depending on k, such that 



00 v a ~ b + (A 2 + iB)"- 1 )] 1 ^ + (B 2 + AB) 1 - V" 1 _„ 

e at* 



y/v(v + k) 

/■°° p~ v (hi 
<CA a - 1 B 1 ~\A^BY- b \ 

Jo 



(A.21) 



'0 v«(w + k) 
Combining (|A.20 P and (|A.21 P yields to 

! \{x)dx < Ce-( A+If > a / 4 A 1 - a B 1 -\A + B) a+b ~ 2 . (A.22) 
io 

This, again, implies that (|A.l p holds. 

Case 3: maxjo, b} < 1. Inequalities (IA.7 j) - (|A.ll j) hold, but (|A.12 p has to be replaced by 

+ (A + B) 2 \ a - 1 {v + B 2 + AB) b - 1 
v + A(A + B)J ^v(v + k) (a _ 23) 



$(v) < CB 



2-26 



, , , „ tr - " + (A 2 + AB) 
< CB 1 ^ b (A + 5) 2a+b ~ 3 — 



Noticing that 

it follows that (|A.13 P holds. Finally (|A.14 P holds by exchanging (A, a) and (5,6). □ 
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Lemma A. 2 . Let a, [3, 7, 5 be real numbers and £ an integer. We assume 7 > \, 5 > and 
£ > 2. Then there exists a positive constant C such that, for any integer n > £ 

n—£ 

Y^p a (Vn~ ~ ^e-^+v^-^+T)) 2 < Cn a -^ 2 e~ Sn . (A.24) 
P =i 

Proof. The function x 1— > (\/x+ y/y(\/n— \/x + l)) 2 is decreasing on [(7— l)" 1 , 00). Furthermore 
there exists C > depending on £, a and such that - Jvf < Cx a (y/n~ - y/xTlf 

for x £ [p,p + 1] If we denote by po the smallest integer larger than (7 — l) -1 , we derive 

n— t po — 1 n— ^ 

>2 , 



p=l p=l po 

Po-l 

< v ^) /3 e- <5 ^+v^(^-v^+T)) 2 
p=l 

+ C x a (y/n~ - ^/V^+vW^-v^)) 2 ^ 

•> Po 



(notice that \fri — \fx rs y 7 ^ — y/x + 1 for x < n — ^) . Clearly 
po-i 

p=l 

for some Co independent of re. We set y = y(x) = y/x + 1 — y/x/y/j- Obviously 

and their exists e = e(S, 7) > such that y/2y/x > y(x) > tyfx and t/(x) > e/y/x. Furthermore 

y^ (y + vW + 1 - 7) 



yfx 



7-1 



r r _ v^(7 ~ 1) ~ y/lV ~ yW IV 2 + 1 ~ 7 
y re y X — - 

7- 1 

n (7 - 1) + 7 - 1V\/yn - 72/ 2 



V^(7 - 1) - yflV + \/tV IV 2 + 1 - 7 
_ 71(7 - 1) + 7 - 2t/ v / 7^ - 7y 2 
Y^n 

since y(x) < y'n. Furthermore 

71(7 - 1) +7 - 2y x /rn--/y 2 = 7(^77 + 1 + y/n/yfi + y)(\fn + l - y/n/^-y) 

« V77(\/^ + 1 - vV\/7 - y)> 
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because y ranges between \/n + 2 — 2 — \Jn + 1 — rs -^n and ■ v /po~+T — y/poy^- Thus 
This implies 



/ V^) /3 e- <5 ^ :E+ T(^-v / i+T)) 2 dx 

/•j/(n+l-^) 

< C / y 2o+1 (VnTT - y/n/yfy - y) e-T 5 (^-j/) rf y 

Jyipo) 

< Cn a+ ^ 2+1 / (1 - z) 2a+1 (z + y/l + l/n - 1 - l/^ffe-i Snz dz. 



(A.26) 

Moreover 

1-^ = 1 -4. (VsTT-±f), 



y(w - I + 1) _ 1 yn - I + 2 | Vn - t + 1 

yn V™ ' y^7 

_ J_ ( V7(^-2)-€ + l V7(^-2) 2 -(^-l) 2 \ 3 
"y^V 2n + 8n 2 J + ^ )• 

(A.27) 

Let fixed such that 1 - ^IzAjJj < # < i _ f or any n > po . Then 

yn V" 



/ (1 - z) 2o+1 (z + ^/l + 1/n - 1 - l/y/j)Pe-i Snz dz < C e / (1 - «) 2a + 1 e -'i ,tfn * 

rl-v(po)/Vn 

< C e e-^ Sne / (1 - z) 2a+1 dz 

< C e -^ Sne2 max{l,n- a ^/ 2 }. 



Because 7# 2 > 1 we derive 

'l-y(po)/y/n 



/ (1 - z) 2a+1 (z + y/l + l/n -i - \/^f e -^ nz dz < Cn-P e - 5n , (A.28) 

J6» 



for some constant C > 0. On the other hand 



/ (1 - z) 2a+1 {z + ^fl + l/n - 1 - X/y/ife-i^&z 

rd 

<CU (z+ y/l + l/n - 1 - l/^fe~^ nz2 dz. 

Jl-y(n+l-e)/y/ri 

The minimum of z i— > (z + yl + 1/n — 1 — l/y^y)^ 3 is achieved at 1 — j/(n + 1 — £) with value 

y^ + !) + !-£ 



2n^7 
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+ 0(n- 2 ), 



and the maximum of the exponential term is achieved at the same point with value 
e - n i+((/-2)V7+l-/)/3( 1 + (i)) = Cl e- n5 {\ + o(l)). 

We denote 

r-e 

z 7 , n = 1 + 1/Vt - \A + V" and Ip = / (* - ^fe-^dz. 

Jl-y(n+l-£)/^n 
Since 1 — y(n + 1 — > 1/^/2^ for n large enough, 



Jl-y(n+l-£)/^/n 

2 



< -V27 



(2 - z 7 n )^e"^ 2 " + /" - z 7 n )' 3 - 1 ze-^ nz2 dz 



2rvy8 

But 1 - y(n + 1 - 1)1^ - z 7 , n = - 1)(1 - l/y^)/2n, therefore 

Jjg < Cin~ /3 - 1 e-' 5n + pGfr-Hp-x. (A.29) 

If /3 < , we derive 

which inequality, combined with (|A.26 P and (|A.28 p . yields to (|A.24 p . If (3 > 0, we iterate and 
get 

Ip < Cxn-P^e- 571 + C^n-^dn-^e- 5 ™ + ((3- l^n" 1 !^) 
If /3 — 1 < we derive 

which again yields to (|A.24 h . If (3 — 1 > 0, we continue up we find a positive integer k such 
that (3 — k < 0, which again yields to 

and to (IA.24 I) . □ 

The next estimate is fundamental in deriving the iV-dimensional estimate. 
Lemma A. 3 For any integer N > 2 there exists a constant cn > sitc/i 

/ e TOMfl sin"- 2 0d0< CiV - 1l/9 Vm>0. (A.30) 

Jo (l + m)^ v ^ 
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f'7T f'TT 

Proof. Put l N {m)= I e mcoae sm N - 2 ed0. Then I' 2 {m) = \ e m cos e cos 9 d9 and 
Jo " Jo 

/*7T /*7T 

2*(m)=/ e mco&e cos 2 9 d9 = l 2 {m) - I e mcosf) sin 2 6 d9 
Jo _ .„ io 

= 2 2 (m) 



1 P 



- m cos 8 cos 9 d9 



2 2 (m) 2^(m) 



77? 



Thus I2 satisfies a Bessel equation of order 0. Since 22(0) = 7r and 2 2 (0) = 0, 7r 1 2 - 2 is the 
modified Bessel function of index (usually denoted by Iq) the asymptotic behaviour of which 
is well known, thus (|A.30 j) holds. If N = 3 



2 3 (m) 



„m cos 



sin d6> 



2 sinh to 



For iV > 3 arbitrary 

Tat (to) 
Therefore, 



T 1 A 

" / m cos ( 

TO^ 1 



1 sin 



jV-3, 



>d9 



N -3 



to 



e mcose cos ^ sin JV-4 ( 



(A.31) 



TAm) = — e m cos 8 cos 6 d9=l' 2 (m), 
Wo 

and, again (|A.30 P holds since /o( m ) nas the same behaviour as Io(m) at infinity. For N > 5 



Jat(to) 



3 — A r 



TO 



e mcose cos0sin iV-5 ( 



t iV-3 
+ 2~ 

TO 



cos f sm 



7V-5 



0) d0. 



Differentiating cos 9 sin 5 and using (|A.31 P , we obtain 



2 5 (m) 



4 sinh to 4 sinh to 



to/ 



TO 



while 



2jv(to) 



(JV-3)(^-5) 



TO^ 



(Jat_4(to) - l N - 2 (m)) , 



(A.32) 



for N > 6. Since the estimate ()A.30 [) for Z2, I3, I4 and I5 has already been obtained, a 
straigthforward induction yields to the general result. □ 

Remark. Although it does not has any importance for our use, it must be noticed that In can 
be expressed either with hyperbolic functions if N is odd, or with Bessel functions if N is even. 
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